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Abstract 

The Euclidian thermal Green function of the two-dimensional (2D) free massless scalar field 
in coordinate space is written as the real part of a complex analytic function of a variable that 
conformally maps the infinite strip — oo < x < oo (0 < r < [3) of the z = x + ir (r: imaginary time) 
plane into the upper-half-plane. Using this fact and the Cauchy-Riemann conditions, we identify 
the dual thermal Green function as the imaginary part of that function. Using both the thermal 
Green function and its dual, we obtain an explicit series expression for the fermionic correlation 
functions of the massive Thirring model (MTM) at a finite temperature. 
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In recent publications, attention has been focused on the thermal Green function of 
the free massless scalar field in 2D and its relation with the bosonization of the Thirring 
model, either massive or massless and using both imaginary-time and real-time |3j, |4| 
formalisms. In the former, the thermal correlation functions of bilinears of the fermion field 
(which are bosonic) of the MTM were derived within the bosonized framework, whereas in 
the latter, the case of the massless Thirring model is considered. 

In the present work, using the imaginary-time formalism, we obtain an explicit series 
expression for the fermionic thermal correlators of the MTM, thereby filling a gap existing 
in the subject of bosonization at a finite temperature. In order to do that, we rewrite 
the thermal Green function in a way that allows us to easily recognize it as the real part 
of an analytic function. This fact leads us to determine the corresponding dual thermal 
Green function as the imaginary part of that function, according to the Cauchy-Riemann 
conditions. This dual thermal Green function turns out to be a key ingredient for the 
obtainment of the fermionic correlators. 

The MTM is described by the Lagrangian density 

Cmtm = ii> H - M o^ - f (V^XV^), (!) 

where ib is a two-component Dirac fermion field in fl+1) -dimensions. It is well known that 

n nh 

it can be mapped, both at T = [5| and T ^ [1|, |2J, into the sine-Gordon (SG) theory of 
a scalar field, whose dynamics is determined by 

£sg = \d^(p + 2« cos #, (2) 
where the couplings in the two models are related as 

9 = 71 \ ~ X ) ' M oipip = -2a cos?70. (3) 

Under this mapping, the two components of the fermion field may be expressed in terms of 
the SG field as 

V>i(r) = a(r)n(r), ^ 2 {f) = a\r)/j,(f), (4) 

where a(r) and fj,(r) are, respectively, order and disorder fields, satisfying a dual algebra, 
which can be introduced in the SG theory [6|. These are given by 

(t(x,t) = expji | 0(x,r)| , (5) 



2tt f x 

r) = ex.pli — / dz <f)(z , r) }> . (6) 
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Equation (j3J) coincides with the bosonized expression for the fermion field, first obtained in 
^1 for the T = case and also shown to hold at finite temperature in {3, 4]. 

The Euclidian vacuum functional of the SG theory, for an arbitrary T may be written 
as the grand-partition function of a classical 2D gas of point charges ±17, contained in an 
infinite strip of width (3 = interacting through the potential GV(f), namely 



c/9 r oo rn 

Y\ dn dzi 

'0 J -00 




(7) 



x exp 



i=i 

where A; = ±1, 5^{ A .} m runs over all possibilities in the set {Ai, . . . , A m }, and Gxif) is the 
thermal Euclidian Green function of the 2D free massless scalar theory in coordinate space 

n 

(r = (x,t)), which is given by [8[ 

1 00 poo Jt, -i(kx+LU n r) 
n=— 00 ^ " 

with u n = 2im/(3. This has been evaluated in [l| and is given by 



G T (r) = -- In |_ cosh f -x 1 - cos ( — r 



(9) 



This has also been obtained by using methods of integration on the complex plane jlO ]. At 
T = 0, Gt(t) reduces to the 2D Coulomb potential and we retrieve the usual mapping onto 
the Coulomb gas {3]. 

We may rewrite the above thermal Green function in terms of the new complex variable 

C(r) = C(*) = ^ sinh (lz), (10) 



7T \(3 

where z = x + it, as 

G T (f) = lim —In [^C(r)C(r)] . (11) 

At this point let us make a few comments about ffTTj) . Firstly, we note that in the zero 
temperature limit (T — > 0, (3 — > 00), we have C,{z) z and C*( z ) ~~ * z * an d, therefore, we 
recover the well-known Green function at zero temperature, namely 

lim G T (f; Mo ) = ~ In [/xg zz*] = -i- In [^|^ 2 ] . (12) 



Comparing (fTTj) with ([12]) we can see that the only effect of a finite temperature is to 
exchange the complex variable z for ((z). Since ((z) is analytic, we conclude that the thermal 
Green function is obtained from the one at zero temperature by the following conformal 



mapping 



111 ]: the infinite strip < r < j3 and — oo < x < oo is mapped into the region 
within the upper-half-^-plane. 

From Eq. (fTTj) we can also see that the thermal Green function may be written as the 
real part of an analytic function of the complex variable ( namely 

G T (f; ft) = Re ]^(C)] = \ [HO + ^*(C)] , (13) 

where ^(C) = — (1/2tt) In [/x C(r)]- 

The imaginary part of T{Q may be written as 



1 m 



C*(f) 
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Now, from the analyticity of ^(C), then, it follows that its imaginary and real parts must 
satisfy the Cauchy-Riemann conditions, which are given by 

e^d v G T = -d^G T , e^d u G T = d,G T . (15) 

This property characterizes Gt as the dual thermal Green function. 

Returning to the Euclidian vacuum functional of the SG theory, we see that this may be 
now written as 

Z = lim lim > / — / / f <l r, d,Zi 

r , > (16) 

x exp < — 22 X i X J ln {^o [C(3 - Zj)C(zi - Zj) + k| 2 ] } 

I 71 ift=l 

where, in order to obtain (JIB"]) , we have used the UV- regulated version of Gr(r; /^ ), namely 

G r (r; = — In W [C(r1C(r) + k| 2 ]} . (17) 

The renormalized coupling a is related to the one in fl2|) by a = a (l^o\ £ \ 2 ) V fl- 

As in the T = case, existence of the /io — > limit imposes the neutrality of the 
new gas, namely Y^ILi A« = 0, because in this case the /zo-factors are completely canceled. 



This implies that the index m appearing in ([7]) must be even (m = 2n) and, therefore, 
£ {Ai}m = (2n)!/(n!) 2 . 

We can now determine the fermionic correlators at T 7^ 0, by using (jH - ED along with 
the gas representation of the vacuum functional, just derived. The bosonization formulae 
dl]) were shown to hold for T 7^ in the massless theory. Notice however that, since we are 
making a mass expansion (a-expansion) , we are actually considering a sum of fermion corre- 
lators in the massless theory. The insertion of o and fi operators corresponds, respectively, 
to the introduction of external charges (of magnitude f]f2) and "magnetic" fluxes on the gas 
{f|. The fermion correlators, then are nothing but the exponential of the interaction energy 
of the associated classical system. Charges and "magnetic" fluxes interact with their similar, 
through the thermal Green function Gt{t), whereas the charge-flux interaction occurs via 
the dual thermal Green function Gt{t) |6j. This is the reason why it is crucial to know 
this function in order to obtain the fermion correlators. In the case of (charge conserving) 
fermion bilinear correlators, only external charges are inserted into the gas and, therefore, 
only the thermal Green function Gt{t) is required. 

Following the above considerations and the same procedure employed at T = [12|], we 
can write the four components of the two-point fermion correlation function of the MTM at 
finite temperature as 



(^1(2) (5)^I (2) (y)> 

g-i off 
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m=0 {AJ r 



/3 foo m 

Y\ dzi exp 
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v) 



di z) 
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V 

x Gt(z 
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[5\z-x)-5\z-y)]) [in^jPtf 



(18) 



5 



and 



(V>i(2)(£)V4(i)($> 

i=i 11 

/ m 

\ [5 2 (z- x) + 5\z- y)}) injTXj 5\z> - z 3 ) 



+- 



2tt 



V 

x G T 



d^e^5 2 (z'-0 
iz-z')]}. 
After some algebra, we get 



d { ;' ] + {-^-[5\z> - x) + 5\^' - y) _ 



and 



^— ' m! ^— ' 

m=0 {A;}„ 
.2 m 



/-oo m 




./-00 



drj dz* exp <{ — £ Xi\jG T 



i=i 



£ A, [Gt(3 - f) - Gt{zi - y)] + ^- [G T (0) - G T (£ - y)\ (20 ) 



2 r 



1=1 



1=1 



16tt 

s7 /•!/ 



x 



Gr(v ~ - (+) ^ jT de^s^ - a - c T (y - a] } 



(19) 



(^1(2) (x)ipl {1) (y)) 



00 m rP poo ™ ( 2 m 

= ^E^E / II dT * dz * ex p I E ^ g t& - z 3 ) 



+H^E A * [Gt(^ - 5) + Gr(^ - y)] + ^ G T (3) + G T (f - y) (21) 



7/ 



i=i 
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x Gt{ $- Q _ (+) » fd^df [g t (x-£) + Grill — 6 
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Finally, using (JTTj), (JH]), and (|T5|) . we obtain 



= lim lim [flf-gfffr** 



( 2 i 2 1 



00 a 2n /-/3 /-oo 2n 



E 

n=0 



\\ dn dzi 



i=i 



2» 



exp 1 8^ S AiA J ln ^ ~ _ f i) + l £ ! 2 ] } 



1=1 



[C(3 


-x)C(zi 


-x) + \e\ 2 } 






-y) + \e\ 2 } 



j 2n 

+ oE A « ln 



i=i 



C(5-2/)C(*i-a) 
C*(3 - y)C(3 - ^) 



and 



(V>i(2)(z)V4(i)($> 



lim lim 2 1 

e— >0 /Uo— »0 



((x-y)(*(y- x) 
_(*(x- y)((y - x) 



x [ C (f_^ C *(f-^)]}-^-^^ 



n=0 



n!(n + 1)! y o 
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i=l 

2 2n+l 



2 2n+l 

cx p <! ^ S A ^' ln M ~ ^')C*(^ - + kl 2 ] } + Yl A « 



i=l 



in {{fi [c(zi - f)C*(3 - 2) + kl 2 ] } M [C(3 - 0C*(3 - y) + kl 2 ] } } 



8=1 



(*(Zi - y)({zi - x) 



(22) 



(23) 



In ( j22j) , we still have neutrality of the gas with n positive and n negative Aj's. In ( l23|) . on the 
other hand, we have n positive and n + 1 negative Aj's for {ipiip\). Conversely, for (■02'0i)> 
we have n negative and n + 1 positive Aj's. Notice, however, that overall neutrality is still 
preserved in all functions if we consider the external charges. 

Let us finally remark that in the T — > limit the above correlators reduce to the cor- 



responding functions of the zero temperature theory [12]. Also, observe that in the limit 
a —>■ we recover the thermal fermion correlators of the massless Thirring model. These 
are given by the pre-factor multiplying the sum in ( 122]) . In the case of the chirality violating 



functions (1231) . the massless limit yields zero as it should. 
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